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Abstract

| discuss the role of anomalies in the modern development of
guantum field theory and their implications for physics.

Introduction.

Symmetries play an essential role in our understandirggeafentary particl@hysics.
Global symmetries in the form of conserved charges label the physical statefiesntdhe
existence of conserved local currents. Local symmetries in the form of gauge field theories
areused todescribe practicallall aspects oklementary particlgphysicsphenomena and
imply the existence of vector gauge fields coupled to conserved local currents.

In electromagnetism, the photons are the quanta of the electromagnetic gauge field. In
the theory ofelectroweak interactions, the massiveaWWl Z particles are the quanta of the
electroweak gauge fields in addition to thassless photon.The strongdynamics of the
guarks and gluons are controlled twg color interactions of the quantum chromodynamic
gauge fields. Local Lorentz symmetries are used to describe the gravitational interactions.

In some casethe symmetries are noealized explicitly although thesanvisible
symmetries stillinvolve exact symmetries at the fundamentdével. In quantum
chromodynamics, the color confinement phenomena results from arlaeecblor gauge
symmetry. Howevercolor confinement implies that there are no asymptiateswith
color, such aghe fundamentadjuarks andyluons, and only color singlet particlean be
directly observed as isolated states.

Symmetries camlso bedynamicallybrokenwithout destroyingthe exactunderlying
symmetry. Spontaneous magnetization occurs when the spins in a material tend to align in
a particular direction breaking the explicit rotational symmetry. 3ostaneous breaking
of the rotational spin symmetry implies the existencepoh waves vihich govern thdéong
range fluctuations of the spins. Chiral symmetrédect the independembtations of the
left and right handed components of fermions which igxattsymmetry of a gauggeld
theory of massless Dirac fermions as in the case of quantum electrodynamics with massless
electrons. PCAC and the dynamics of massless piaghought taeflect the dynamical
breaking of the approximate chiral symmetries of #teng interactions. At the
fundamentalevel these global chiral symmetries are dudoal gauge dynamics of the
color interactions becoming exact in the limit where the light quarks are massless.

Local gauge symmetries can also be spontaneously broken. Supercondestilis/
from the dynamical breaking of the electromagnetic gaygemetry. Thisdynamical
breaking implies the existence of supercurrentstaedvieissnereffect which is related to
the generation of a dynamical magnetiass forthe photon, the gauge quanta of the



electromagnetic gauge field. In a similar manner, the electroweak interactions described by
an exact local gauge symmetry which is dynamically broken generating masses for all of the
presently observed particles including tnassive gaugbosons,the W and Z particles,

which mediate the observed electroweak forces.

At presentthe Standard Model is used &xplain all of the observed phenomena of
elementary particle physics. The Standard Model is based on exact local gauge symmetries
and the dynamics generated by kbeal gauge fields coupled to theprrespondindocal
conserved currents. The Standard Model currently invokes the local gauge symmetries,

(@) color H(SU(2H UD)4) Gravity,

of the strong,electroweakand gravitation interactions. Otourse there are many
speculations about additional dynamical structure including supersymmetry, technicolor
grand unification and strings.

Anomalies - Clashing Symmetries.

Symmetries provide the fundamental framewdok our presentformulation of
theoretical particle physicsHowever,anomalies arise when apparent classical symmetries
come in conflict.  This clashing of symmetribas animportant impact orboth the
dynamics and the symmetry structure of the theoriesuse to describe elementary
particles. In the following sections, | will discuss the origins of afies) thestructure of
anomalies and some of the implications of anomalies for physics.

The original anomaly puzzle arose in attempts to apply the newly formulated quantum
field theory to thewo photondecay of the neutrgdion [1],[2]. J. Steinberger computed
the decay from the one loop, triangle diagram for a virtual proton with point couplings to the
neutral pion and photonsThe decay amplitude seemed to depsindngly uponwhether
pseudoscalar or pseudovector couplingse used forthe interaction of th@ion with the
proton. However, these interactions seemed to be equivalent if one integragatisbgnd
used the field equations. This contradictimiween thenaive application of the quantum
field equations and the direcalculation of the triangle diagraniecameknown as the
anomaly.  Although theseudoscalar couplingventually proved to give the correct
experimental result, it ipossiblethatthis early atmpt toapply quantum field theory to
problems beyond QEBonvincedSteinberger to focus his futuareer on experimental
physics instead of struggling with unreliable theories.
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A formal resolution othe problem of theequivalence ofpseudovector and pseudoscalar
couplingswas provided J. Schwingg8] using propetime methods. He showeithat a
careful definition of singular operator products was required before the equations of motion
could beused to studyhe anomalyusing the equations of motion of the quantdieid

theory.



A more complete understanding of the anomaly and its physipalct camdrom the
study ofthe anomalouslivergenceequations forthe axial-vectorcurrent [4],[5]. Axial-
vector currents hadoecome an importantocus of researctbecause of their role in
understanding hadronic chiral symmetry or PCACIhe partial conservation of the axial-
vector current followedrom this chiral symmetry andmplied particularcouplings for the
pions at low energy Massless pionare identified as th&oldstone bosons alynamical
chiral symmetry breaking. Adler showedthat the anomalyequired the existence of
specific operator corrections to the fermion axial-vector divergence equation.

Wyt =2 g+ FH IR,

This result for &ree fermion can be generalized to tiveal-vectorcurrentfor hadronic
chiral symmetry. The anomaly modifies teergence equatioand predicts thelecay
amplitude for the Goldstone pion,

a
0"J5, = Wigmions] T°Q] 4-FOF,
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where the anomaly coefficient is determined by the fundamfartaion structure of the
theory. The anomalous divergence equation implies that thevagtal current can not be
conserved in the presence of electromagnetigan inthe symmetridimit where thepions
are massless. From thiperspective, the chiradymmetry associatedith axial-vector
current clashes with local gauge symmetries of electromagnetism.

Because the magnitude of the pion decay amplitude is directly related to the strength of
the anomaly, it is a sensitive measure of the fundamental festniature of adlynamical
theory of hadrons. The measuregtalues of theanomalous pion decagmplitude and the
e+e- annihilation cross-section could be combinedth current algebra and operator
product expansion methods to provide the first convincing evidendbe dynamical color
triplet quark picture [6]. Of cours&éhe observeghion decayrate wasalso consistentvith
the original Steinbergetalculation if pseudoscalar pion-nucleon couplingsre used to
compute the proton loop amplitude.

The Nonabelian Anomaly

Anomalieshave a mre complex structure than tladelian anomaly observed in the
anomalouglivergence of the neutral axial-vecturrent. Nonabelian anomalies can be
studied usingyeneralized fermiofoops fornonabelian currentashere thefermions have
arbitrary nonabelian couplings to vector, axial-vector, scalar and pseudoscalar densities.

L = g{y"V, +yv" A, -Z—i g @ =@} ¢



Explicit perturbative computations of general fermion lofgrsarbitrary external fields can
be made where thghort distance singularities are controlled by a well-defined cutoff or
regularization procedure.

R(IN==2

I r

This vacuum functional, or fermion loop effective potential, candssl todefine consistent
matrix elements of the nonabelian current and other operaftinge covarianterivative of

these currents can then be studied for possible anomalous terms.  This study corresponds
to an explicit check of the gaugevariance of the effectiyeotential. ~ Anomalous terms
reflect the explicit breaking of the nonabelian gauge symmetries. A general regularization
procedure will normally break many of these symmetries. Local counter-terms can then be
added to the effective potential to restore the classical gauge symmetyiesn this is not
possible, the fermiotoopsaresaid to contain anomalies.  Bxplicit calculation [7], all
anomalous terms can beade to cancel exceptoseinvolving certainexternalvector and
axial-vectorfields.  For aparticular choice of counter-terms, the gawgeation of the
general fermion loop effective action be reduced to an especially simple form,

DA,,T)=RITIA,-INT =yl .I')
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whereA\, is a left-handed gauge transformation andis/the left-handed external gauge

field. Right handed gauge transformations yietbaesponding result. The generalized
anomalous divergence equation for nonabelian currents yields

1
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where D is the appropriateovariant derivative. Since the anomaloudivergenceonly
involves other external gauge fields, the breaking of the nonabelian symmetries can be
viewed as &lashbetween thesymmetries associatedth the current and the symmetries
associated with the external gauge fields.

a1 [0Z €5, Y2, 07V, PV, - FVIVIV]

D“J2,(x) = trA3{ 2049V} -9+ (VIVIVLI)

The form of the nonabelian anomaly is not arbitrary but is constrained by consistency
conditions vhich must be satisfied by any proper formulationtted quantum theorya].
The Wess-Zumino consistency conditiopvide a powerful constraint on the algebraic



structure of the anomaly and a simple test forctvsistency of any specif@alculation of
anomalous terms.

The general result for the fermion loop anomaly obtained above has been confirmed by
many different methods. A particularly elegant derivation of the anomaly invokes the path
integral formulation of quantum field theof9]. Fermion loopsare generated by the
functional integral,

(DYDY exp{ifddgiyD y}}

where the classicdermion action ispresumed to beovariantunder generalized gauge
transformations, but the fermionic measure may not presigisseovariance. Even here

great caremust be used igiving precise meaning to these fornedpressions. In this
formalism, anomalies are directly related to the noninvariance of the fermionic measure and
not to problems associatedth defining composite operators.  Of ceey this approach

gives the same result as the diregiculation of the fermiotoop diagrams, but iadds an
important perspective to our understanding of anomalies.

Nonrenormalization Theorem.

A remarkable feature of anomalies concerns theliabiorunderrenormalization. A
careful study of higher orderadiative corrections showshat thesecorrections do not
modify the fermionloop anomaly computedbove. Since anomalies reflect unagable
gauge symmetry breaking, they are determined solely by the structure of the small fermion
loops and their symmetries [10]The nonrenormalization theorem was originally checked
by explicit two loop computations and confirmed by general regularization arguments to all
orders ancextended to arbitrary renormalizable quantum field theoriégsundimensions
[10], [11]. The nonrenormalization theorem waso provenusing renormalizatiorgroup
methods [12].

The nonrenormalization theorem is extremely important assthblishes the
fundamental significance of the anomaly. The anomaly is not simphytigact of a
particular method of calculation arder of perturbation theory. As stated in our
discussion of the evidence for color triplet quarks, the anomaly direethsures properties
related to the fundamental fermion structure of the underlying quantum field theory.  This
feature has great significance in the many applications of anomalies to physics.

Classical Applications.

Anomalies have many different implicationsfor quantum field theory. The
consistency of gauge field theory requithe absence of anomalies associatétl the
dynamicalcurrents Viich implies that thdermion loop anomalies musiancel between
differentkinds of fermions irthetheory. Ifthe anomalous curremtivergence involves
dynamical gauge fields, then the global symmetries assoeigtethe anomalous current
are explicitly broken by dynamics of the gauge field€ven if nodynamicalcurrents are
involved, anomalies can have important implications for the global current algebra associated
with the external symmetries of a quantum field theory.



Anomaly Cancellation. <DDD>

Anomalies reflect an intrinsic breaking tmical gauge symmetries hich cannot be
compensated by simply addithgcal counter-terms in higher order calculations.  Since
gauge field theories are consistenty if the localgauge symmetries are preserved by the
guantum theory, the presence of anomalies implies that certain gauge models simply do not
exist at the quantum level. Hence, anomalies associated with the dynamical geerge cu
mustcancel if the dynamicajauge symmetries are to be preserved. The fermion loop
anomalies depend only aihe charge structure of the dynamical fermions, #rer
cancellationconstrainsthe fermionmatter content of mangauge field theories. The
nonrenormalization theorem then guaranteestthatcancellation will be preserved to all
orders. Fronthe form of the nonabeliaranomaly, it can beshown that models with
vectorlike gauge couplings, such as QED or QCD, do not have dynamical anonttils.
theories where the fermions have chiral gauge couplings can have nontrivial anomalies.

The Standard Model of the electroweak interactions provides an interesting example of
a chiral gauge theory where anomalies do occur but are caheteeen the variouguark
and lepton contributions [13]14]. The anomaliesor a singlegeneration ofjuarks and
leptons are listed below

Standard Model Leptons Quarks Sum
JR?0U@D)  -1/2 3+(1/6) 0
U@® 1-1/4  1/36-8/9+1/9 0

It is a remarkable feature of the Standard Model that a theory involvingjoatiks or only
leptons would not be consistent, but the combined theory of quarks and leptons is free of all
dynamical anomalies. Anomaly cancellation is a central elemebtiiding models
beyond the Standard Model including gramdfication, extended technicolor or any other
theory which adds new fermions or additional gauge interactions.

Global Symmetry Breaking. <GDD>

In gauge field theories, the anomalaligergencesquations implythat various global
symmetries can bleroken by anomalies. lihe original calculation of the axial current
anomaly, the chiral symmetry of the neutral pion currenthvaken bythe coupling to the
electromagnetic gaudeelds which modified thelow energy theorenfor the coupling of
pions to photons.

Global symmetries can Hderoken more draatically by thepresence ofontrivial
gauge dynamics. The(1) problem of QCD is aclassic example. The original
formulation of quark radel seemed tdavetoo much symmetry as themgere nine
conserved chiral currents in the limit where the ligharksaremassless.  Weinberg had
arguedthat thereshould be arextra Goldstone boson, any’, nearly degenerateith the
pion. Instead, the physiagl has a mass of order 1 GeV. In quantcimomodynamics,
the singlet axial-vector current has an anomaly involving the QCD gauge fields. An explicit
calculation by ‘t Hooft [15] showed that instanton effects could btieak)(1) symmetries
and generate a mass for tiig16].



In a similarvein, instanton effects can tsown togenerate explicit l#aking of the
baryon number symmetry in the Standard Model [15]. Triay be somewhaurprising
as thebaryon number current is wector current and not normally associatedth
anomalies. However, the Standard Model requirethat the SU(2) X U(1) gauge
symmetries be exactly preserved. Since toasentshavechiral structure, the anomaly
must be shiftecdiwayfrom the dynamical currents, and it reappears as an anomaly in the
baryon number current.Hence, the anomalgredicts theoroton will decay in the normal
Standard Model althougthe explicit calculatiorshowsthat the vacuundecay rate is so
highly suppressed that a proton has yet to decay via this mechanism in théfedirtiee of
the universe.

Another implication of the QCD anomaly conceths strong CPproblem. Naively,
all CP violating phases in the quark and lepton masses matrices can beawgtdeaving
only the weak CPphases othe CKM matrix. = However,the anomaly inducedJ(1)
breaking ofQCD implies that thelU(1) phasecannot be freely rotated andstrong CP
violation remains. Since there are precise limits on the size ofstnagg CPviolation,
alternativemodels beyondhe standard modelvere consideredvhere a newPeccei-Quinn
symmetry[17] would allow thestrong CP phase to betated away. However, Wiczek
and Weinberg [18] arguethat this new symmetry would imply the existence a new
pseudo-Goldstone boson, the axion. Detailed predictions about the mass and couplings of
the axion could be made using the anomalous current algebra reflectstgotigbreaking
of the U(1) symmetry in QCD [19]Extensivetests of these predictions shdiwat axions
associated with the scale the electroweak interactions are now rul@djoahd onlymuch
higher scales are consistemith the axion picture.  The resolution dhe strong CP
problem remains an outstanding puzzle of the Standard Model.

Global Current Algebra. <GGG>

Anomaliesalso modify the current algebra relations associatath purely global
symmetries.  This islear from the anomalouslivergence equation where the external
gauge fields in the anomalous divergence are assowdtedlobal symmetry currents and
not the dynamical gauge fields. These anomalies reflect the clash of symmetries generated
by the quantum effects of the fermion loops. many applications of current algebra one
combines theonstraints of current algebvath low energy theorems associatetth the
infrared dynamics of the system. e¥éand Zuminousedtheir consistency conditions to
derive an effective actiofor the Goldstone pions consistewith the anomalous couplings
to the electromagnetic fiel]. Witten showedhat this could be extended tderive
anomalous terms in the purely strong strong dynamics of pseudoscalar mesons [21].

The anomalyhas bothultravioletand infrared implications. The anomaly associated
with the global symmetries of a given theory provides a set of consistency condiichs w
must be satisfied by any infrareellization of theheory.  These consistency conditions
place severe constraints on thasslesspectrum of fermions and Goldstobesonseven
when the dynamics is highly nonperturbative [22].

Topology and Geometry.



Anomalieshaveimportant relations to theopology and geometry of gauge fields.
Atiyah and Singer [23] showed that index theorems and the spectral propettiesDifac
operator relate the anomaly to the topological structure of gauge fields. The eigenvalues of
the Dirac operator,

yeD=y"D, =y g, -iT?V'A

depend upon the deformationstbé background gauge fields amefflect their topological
structure. The anomalous divergence of the axial vector current,

N
O+ Jg, = #tr{G“V(A) 3G, (A}

is directly related to the topological index of the gauge field
— 1 Uv
v = o[z r{ G* (A(2)) 3G, (A(2))

which takes on integer values.

Differential geometry has beearsed toanalyze thestructure of anomalies in arbitrary
dimensions ofspace-timg24]. The descent equations can ueed toconnect various
aspects ofthe anomalystructure.  As inthe case of the ¥&s-Zumino consistency
conditions, the descent equatiastsongly constrairthe anomalous structuiedlowed for
any theory.

The anomalyalso implicationsfor topological objects hich occur in gauge field
theories.  Instantons, sphalerons asichilar objects are related to fermion number
changing processes which are determined by the anomaly structure of the underlying theory
[22]. Anomalies are related to the mechanisms of charge fractionalization and induced
charge on topological defedsich as dyons, skyrmeons andypoktylene.  Anomalies
also have animportant impact on thehysics of magnetic monopoles, cosmic strings,
domain walls, vacuum bubbles, D-branes, etc. In nsasgsvhere thephysics ishighly
nonperturbative, the anomaly structure provides the only precise information on the behavior
of complex systems.

Gravitational Anomalies.

Anomaliesalso occurfor systemsinteractingwith gravitationalfields.  In precise
analogywith the axial-vectorcurrent anomaly in &ackgroundelectromagnetic field, the
fermion loop processes generate a gravitational anomaly in the divergence of the axial-vector
current [26],

1

du ‘]5u = 768 7'[2 guvar /Jvaﬁ Ra



where the anomaly is related to a topologicdex of thegravitational field. Since the
Standard Model containshiral U(1) currents, the potentidor gravitational anomalies
exists. Such amnomaly would imply a clasbetween theStandard Model gauge
symmetries and the generalvariance of théackgroundgravitational field. ~ We would
expect the gravitational anomalies to cancel if we wish to presenvaormal picture of
gravity. Inthe Standard model, the individual fermions do have anomalous contributions,

Standard Model Leptons Quarks Sum
1 1 2 1
REOU@D)  2(-2)+1 35)+3(-2)+6(5) O
@ (=2) (3) ( 3) (6)

but thesumover allfermionic contributions cancels.  Contrarythe case of the gauge
anomalies, the cancellation occurs separately for quarks and leptons.

Puregravitational anomalies calso exist in 2, 6 and 10 dimensiof26]. As in
gauge theories, it is important to determine the prdoise of the consistentgravitational
anomaly as distinguished frothe covariant anomaliesssociatedvith various currents or
densities. In theories with fermions, the vierbein field must be introduced to defsm@rihe
using the tangent space symmetries. In this case, thgtagdhtionalsymmetries can be
viewed from the perspectives of local Lorentz symmetry or gepevakiance.  Bywising
the veirbein field, the gravitational anomalies can be transformed from one perspective to the
other by adding the analogue ofe#s-Zuminocounter-terms to th@ravitational action
[27].

Supersymmetry.

Supersymmetry addadditional complexity to the anomaly pictureHere there is
potentialfor the gauge symmetries or global symmetries to clagih supersymmetry.
Indeed, there was initiallgonsiderable confusiobetween the nonrenormalization theorem
associatedvith the axial-vectorcurrents, the renormalization of the supersymmeric
function and the nonrenormalization theorems associatéd the holomorphy of the
superpotential [27], [28], [29],[30]. Anomaliesalso have animportant impact on the
nonperturbative structure of the superpotential, holomorphy and duality [31].

Superstrings.

The modern superstring era began in 1984 with the observation by Green and Schwarz
[32] that the anomalies which affected earlier formulations of string theory could be made to
cancel. The apparent loop anomalies were found to cancel against anomalous couplings of
the graviationalsector. Consistent superstring theonesre found to exist in 10
dimensions (fouwisible dimensions and six cquact dimensions) forparticular gauge
groups. Themost interesting earlgtring nodel was the heteroti&tring [33]. The low
energy spectrum of the theory is determined by anomalies in terms of index theorems and
the topological structure of the cpact six dimensional manifolds. In thigay the
anomalies could besed topredict the generation structure of the chiemions [34].
More recently, theoreticagfforts havefocused on superstringuality, M-theory and D-
branes [34]. Evenhere anomalies ancklated phenomena continue provide important
insights into the structure and applications of string theory.



Conclusions.

Anomalies started out as a troublesome ambiguity about how to appigwhdeas of
guantum field theory to interesting physical problems. The resolution of this ambiguity led
to a more fundamental understanding of quantum field theories and their symmetries. The
discovery and analysis d¢iie complete nonabelian anomaly showed that the anomaly was
much more complex than the simpéeEm of the anomalouslivergence of the axial-vector
current.  Anomalies could beewed asthe fundamental clashetween the classical
symmetries \wich canoccur in a quantum system. The nonrenormalization theorems
showedthat the anomalies reflected the fundamestiaicture of the quantum field theory
and were not just anartifact of a particular computation some order in perturbation
theory. As nonabelian gauge theories begatake over the theoreticdundations of
particle physics, the anomaly played an important role in determining the structure of the
gauge models and the symmetry structure of the resulting theories. Anaraatielation
was a required conditiofor model building, the global symmetry structure is modified by
the presence adinomaliesand the anomalglso changethe global current algebras. In
many cases, the anomaly provides tmdy nonperturbative information about specific
gauge field theories, as reflected by twnstraints ofthe ‘t Hooft anomaly matching
conditions and by many other applications.

Connections to fundamentamathematical structures have led to a deeper
understanding of anomalies atigkir implications  Differential geometry provided an
elegant mechanistior the analysis of anomaly structure and pointed to generalizations of
the anomaly picture. Index theorems, spectral flow and related techniques revealed the deep
connection between anomalies and the topological structure of gauge fiEt@sinterplay
between the mathematics and the physics has led to a much richer view of both fields.

Anomalies played an important role in the rebirth of string theory.  They continue to
have an important impact on recent developmengrifg theory, M-theory and D-branes.
String theorieave revealed much richer symmetry structutbat goes far beyond the
symmetries of normal gauge field theory, and anomalies may help provide a path to a more
complete understanding of the symmetries and the dynamics.

In this talk | have only provided a very limited view of anomalies and their applications.
Many peoplehaveplayed important roles in understanditigg mathematicastructure of
anomalies and in developing the vast array of applications inghgtics andnathematics.

In my original derivation of the nonabeliamomaly, | knew theesult had fundamental
significance but had little idea how pervasive anomalies would become in the future.
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